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Abstract
Experimental advances in the fabrication and characterization of few-layer materials
stacked at a relative twist of small angle have recently shown the emergence of flat
energy bands [1–5]. As a consequence electron-interactions become relevant, providing
new insights into strongly correlated two-dimensional physics. Here, we demonstrate
by combining large scale ab initio simulations with numerically exact strong correla-
tion approaches that an effective one-dimensional system emerges upon stacking two
twisted sheets of GeSe, in marked contrast to Moiré systems studied before. This not
only allows to study the necessarily collective nature of excitations in one dimension,
but can also serve as a promising platform to scrutinize the crossover from two to one
dimension in a controlled setup by varying the twist angle, which provides a novel
benchmark to the theory. We thus establish twisted bilayer GeSe as an intriguing
inroad into the strongly correlated physics of low-dimensional systems.
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Understanding emergent, strongly correlated quantum phenomena in complex many-body
interacting and low dimensional materials is one of the main driving forces in modern con-
densed matter research. Strongly correlated systems are fascinating due to their fundamental
interest as well as their high relevance to technological advances, such as the quest for room
temperature superconductivity, ultra-dense and -fast memory solutions as well as quantum
computing platforms [6], to name a few. In this realm, the study of low-dimensional systems
has revealed a zoo of surprising insights into quantum collective behavior of many-body sys-
tems, some of which already find far reaching application in every days life (e.g. in computer
memory (magnetism) and magnetic resonance imaging techniques (superconductivity)).
Recently, twisted bilayer graphene [1–5] and other van der Waals materials stacked atop
each other at a twist [7, 8] have been proposed as novel inroads into the correlation physics
of two-dimensional systems, which feature an unprecedented level of controllability as well
as cleanness. These studies concentrate on few-layer films featuring a 60◦ or 120◦ rotational
symmetry stacked at a twist. By forming a large Moiré supercell at small twist angles
a quasi-two-dimensional system with quenched kinetic energy scales emerges (reduction of
bandwidth by multiple orders of magnitude), in turn enhancing the role of electronic inter-
actions.
Surprisingly, we report here that if instead we consider layered systems in a rectangular
lattice with mirror symmetry stacked at a small twist angle, an effectively one-dimensional
system with quenched kinetic energy scales (flat bands) emerges. This elevates the con-
cept of Moiré systems to include the broad and exciting realm of one-dimensional quantum
systems, which from a theory point of view is ideal to study quantum many-body effects, be-
cause powerful theoretical tools (bosonization, tensor network approaches, Bethe Ansatz,...
[9–11]) can be employed to obtain a nearly complete picture of its collective nature and
effects of strong correlations. Furthermore, we show that by varying the angle the crossover
between two-dimensional and one-dimensional limiting cases can be addressed in a clean
and controllable condensed matter context.
To study a realistic and experimentally available example, we perform large-scale ab
initio based simulations of two sheets of GeSe stacked at a twist, where GeSe belongs to the
family of 2D group-IV monochalcogenides [12] and has a similar structure as phosphorene
(Fig. 1(a)). 2D GeSe exhibits high air stability and thin GeSe films down to a monolayer
have been studied extensively in experiments for its applications in phototransitors and near-
2
infrared photodetectors [13–19]. 2D GeSe is also predicted to exhibit giant piezoelectricity
[20, 21], room-temperature ferroelectricity [22, 23] and ferroelasticity [24, 25], strong visible-
light absorbance [26] and a large bulk photovoltaic effect [27]. With ab-initio calculations, we
explicitly demonstrate that a quasi one-dimensional system emerges for twisted bilayer GeSe
at small twist angles, where the degree of “one-dimensionality” increases with lowering the
angle. Upon including interactions we show that this system is an effective realization of the
so-called ionic Hubbard model. This model has attracted a lot of research attention in the
past [28–34], because it features many interesting prototypical (correlated) phases of matter,
including band insulators, Mott insulators, bond density waves and Luttinger liquids, and
hosts Ising as well as Kosterlitz-Thouless quantum phase transitions. We study the phase
diagram upon varying the filling (experimentally tunable by gates) as well as the ratio of
kinetic and interaction energy scales (tunable by the twist angle) at temperatures accessible
within current experimental limitations. Furthermore, twisted bilayer GeSe constitutes a
unique system for the controlled study of the crossover between two-dimensional and one-
dimensional physics via varying the twist angle using the experimental setup outlined in
Ref. [35], which can be used to shed light on this interesting regime from an experimental
viewpoint in the future. Twisted bilayer GeSe, as we demonstrate, is thus an ideal novel
inroad into the strongly correlated nature of one-dimensional systems.
In Fig. 1 we show the density functional theory characterization of two sheets of stacked
GeSe at a twist (see methods). The atomic structure of a single sheet of GeSe resides in
a rectangular lattice [panels (a) and (b)]. Starting from a perfectly aligned AA-stacking
bilayer, different Moiré patterns are formed when the top (or the bottom) layer is twisted
with angle θ ranging from 0◦ to 180◦ with respect to the other layer. The systems with twist
angles θ and (180◦-θ) share the same supercell, which we label as configurations A and B
(see figure S1 in SI and panel (c), respectively). Similar to the results reported for hexagonal
or triangular lattice systems [1–5, 8, 36, 37] we find the emergence of flat bands (which as in
the case of twisted Boron-Nitride [8] does not rely on tuning to magic angles) at the edges
of the conduction and valence bands at small twist angles (close to 0◦ or 180◦). However,
in marked contrast to the other systems surprisingly some of the low energy bands disperse
only along one direction in real space. This is most obvious for bands at the bottom of the
conduction bands in configuration B (see panel (d)), which are only dispersive along the
Γ-X (or Y-X) direction and dispersionless along the perpendicular Γ−Y (or X-S) direction.
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Analogously, the Moiré system shows a quasi-one dimensional chain-like charge distribution
in real space (see panel (e)) for states in the flat bands. Strikingly, this demonstrates that
twisted GeSe provides a novel route to realize one-dimensional systems, for which quantum
fluctuations and correlations become very relevant, but in a regime of much reduced energy
scales (meV) compared to conventional solid state materials (eV).
As shown above, the dispersion follows a quasi-one dimensional behavior where bands
emerge from an alternating sequence of large and small charge puddles (see Fig. 1(e)). The
unit cell hosts a pair of wires [labeled α, β in Fig. 1(e)]. The coupling between theses
decreases and the one-dimensionality enhances as twist angle decreases. If we neglect the
coupling between the wires at small twist angle, then a simple model that accurately de-
scribes the dispersion and charge modulation along the wire is given by a nearest-neighbor
hopping Hamiltonian featuring a staggered on-site potential
H0,σ =
∑
i
t c†i,σci+1,σ + H.c.+
∑
i
(−1)i0ni,σ, (1)
with ni,σ = c†i,σci,σ the occupancy at site i. The corresponding dispersion has two branches
E±k = ±
√
4t2 cos2(k) + 20.
Using the DFT results at a twist angle of φ = 6.61, we perform a single parameter fit of
only t, as 0 = 0.001337eV can be read of by the gap magnitude at the zone edge (we include
a trivial shift in energy shift = 0.2647eV). If we fit the upper and lower band separately, we
find t = 0.00104eV and t = 0.00103eV, respectively, and thus a deviation from the model
below one percent. The quality of the fit is shown in Fig. 2 (a). At this angle we find
0/t ≈ 1.3, placing the system in the interesting regime where kinetic energy terms and
staggering potential compete in their order of magnitude. More details about the fit as well
as the crossover from two-dimension to one can be found in the methods.
Next, we model electron interaction effects by including an on-site repulsion with
HU = U
∑
i
(ni,↑ − 1/2)(ni,↓ − 1/2). (2)
The interactions are written in a particle-hole symmetric way for convenience which amounts
to a shift in chemical potential. This model is known in the literature as the ionic Hubbard
model; a paradigmatic model to study the transition from band insulators (BI) to Mott
insulators (MI) as the interactions are increased and was investigated extensively at half-
filling [28–34]. It is now well understood that this transition occurs via an intermediate bond
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Band Insulator Bond Ordered Wave Mott Insulator Luttinger Liquid
Charge Gap " " " %
Spin Gap " " % %
Bond Dimer % " % %
Table I. Theoretical characterization of the different phases of matter that can be realized in twisted
GeSe.
order wave state (BOW), in which interaction induced spontaneous dimerization leads to
alternating strong and weak bonds. The transition from BI to BOW is of the Ising, second
order type, while the second transition from the BOW to the MI state is of the Kosterlitz-
Thouless (KT) type [28–32]. Twisted GeSe thus provides a novel inroad into this highly
intriguing physics. For experiments an important question is whether and how these phases
manifest at finite temperature. This can be simulated efficiently for any chemical potential
µ as well as U and 0 using DMRG (see methods).
Characterizing the different phases is done via table I. By calculating the static suscep-
tibility to magnetization χM , charging χC and bond ordering χBOW upon including a small
seed perturbation in magnetic field, onsite potential or bond dimerization, respectively, we
determine the spin and charge gaps as well as the bond ordering tendencies (see supplemental
information). For the smaller angle of φ = 6.61, we show χM and χBOW given a small seed
s/t = 10−2 in Fig. 2 (b) and (c). Panel (d) of Fig. 2 maps out the full phase diagram. The
BOW state occupies only a tiny fraction of the phase diagram and most likely requires fine
tuning to be seen in experiments, especially at finite temperature. The different phases of
matter manifest prominently in transport experiments with the insulating gap scaling either
with 0 or U in the BI and MI case, respectively, while showing characteristic power-law
suppression in temperature in the LL regime. Tunneling scanning microscopy will reveal ei-
ther a charge gap (BI and MI) with different temperature scaling or a power-law suppression
of the density of states in the LL case. Both transport and tunneling scanning microscopy
have recently been successfully put forward in the twisted van-der Waals material’s context
[1–5]. Furthermore, specific heat and spin-spin correlation functions can be monitored to
distinguish between these phases. In panel (e) and (f) of Fig 2 we show the specific heat
c = ∂E/∂T as well as the spin-spin correlation CS(x) at half filling for two values of U/t = 0
(BI) and U/t = 8 (MI). The specific heat in (e) at large inverse temperatures 1/T is expo-
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nentially suppressed in the BI case while for a MI we find a linear behavior which is one of
the hallmarks of the emergent gapless spin-excitations. We find that at 1K the system starts
to show clear MI behavior (specific heat c turns linear) for U/t = 8. Panel (f) depicts the
real space spin-spin correlation function. The BI phase is characterized by an exponential
suppression of these correlation functions, while one of the hallmarks of the MI state are
long range algebraic correlations CS ∼ x−1 at T = 1/8K, at least for small enough distances
compared to 1/T (after which correlations fall off exponentially). We complement this by
studying the charge-charge correlation function CC obtained for finite doping µ/t = 3 shown
in panel (g). The long-ranged power-law decay (dashed line) in the correlation functions falls
of as approximately CS ∼ x−1.9 which indicates a weakly correlated LL state. Importantly,
the temperatures for which all of these predictions can be measured are on the Kelvin scale
and thus within experimental reach.
Next, we turn to signatures accessible via tunneling scanning microscopy. We compute
the density of states ρ at the even i by simulating the real time dynamics of
〈
ci,↑c
†
i,↑(t)
〉
and
taking the Fourier transform. Via the dissipation fluctuation theorem the local density of
states can be obtained from this by dividing out the Fermi-distribution f(−ω) (see Methods
for details). The results are summarized in Fig. 3 for temperatures in the Kelvin regime.
At small U we find that the single particle gap scales with ∼ 0, while the Mott insulating
gap scales as ∼ U . Overall the behavior of the gap first decreases (with a minimum close to
the BOW phase) and then increases as U is increased. The spectral features of the density
of states can be used to clearly distinguish experimentally, which phases are realized in the
system.
We have unambiguously established that twisted bilayer GeSe is an exciting novel plat-
form to study strongly correlated one-dimensional physics in a highly tunable manner. We
find that upon marrying ab initio materials characterization and strong correlations a one-
dimensional ionic Hubbard Model arises, which shows many prototypical features and phases
of strongly correlated one-dimensional systems. These can be probed by experiments on
twisted bilayer GeSe on accessible temperature scales, albeit on much enlarged Moiré length
scales. In twisted bilayer GeSe at small twist angles the spin-orbit splitting for the effectively
one-dimensional system is negligible. Future research should address the questions whether
in other Moiré systems a stronger spin-orbit coupling can be realized. If so this would pro-
vide a novel and highly controllable platform to realize Majorana edge state in these effective
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wires, by coupling the system to a conventional s-wave superconducting substrate.
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Figure 1. Ab initio characterization of twisted GeSe (a) and (b) top and side view of
monolayer GeSe. Green and blue spheres indicate Se and Ge atoms, respectively. The black box
in the top panel denotes the rectangular unit cell of the system. (c) Moiré pattern for two sheets
of GeSe stacked at a relative twist of (180-6.61) degree denoted by configuration B. The pattern
that emerges shows a rectangular shape, with much larger unit cell. (d) Band structure as obtained
from density functional theory. Flat bands emerge at the edge of the valence and conduction band.
Resolving the flat bands at the conduction band shows that they disperse only along one spatial
direction, the Γ → X and S → Y direction. (e) Real space illustration of the one-dimensionality
of the system showing the charge density of the bands labeled by 1-4 in (d) as accumulated yellow
regions (the unit cell hosts a pair of wires with a staggered chemical potential and a wire-wire
coupling that vanishes as the angle is decreased). The charge density wires are highlighted with
gray dash lines.
11
0.0 0.4 0.8 1.2 1.6
k/a
0.263
0.265
0.267
E(
eV
) (a)
0 2 4 6 80
10
20
BO
W
(b)T[K]
0. 6
0. 12
0 2 4 6 8
U/t
0.0
0.4
0.8
M
(c)
T[K]
0. 6
0. 12
0 1 2 3 4
/t
0
2
4
6
8
U
/t
(d)
LLMI
BI BI
BOW
10 1 100
1/T [1/K]
10 1
100
c
(e)
100 101 10
6
10 4
10 2
100
|C
S|
(f)
/t = 0
U/t
0. 0
8. 0
100 101
x[nm]
10 6
10 4
10 2
|C
C
|(g)
/t = 3
U/t
4. 0
Figure 2. Characterization of many-body electron correlations in twisted GeSe (a) Fit
(solid lines) to the ab initio results shown in Fig. 1. The fit yields parameters t = 1.03meV and
0/t = 1.3 for φ = 6.61. (b), (c) Susceptibilities for bond order as well as magnetization are used
to map out the phase boundaries between the Band insulator (BI), the bond ordered (BOW) state
and the Mott insulating (MI) state at half filling µ = 0. The first transition (BI→BOW) is a
continuous Ising phase transition, while the second (BOW→MI) is of the Kosterlitz-Thouless type
[28–32]. Upon doping the system away from half filling the system turns to a gapless Luttinger
liquid state (at non-zero U) characterized by critical power-law correlations in spin and charge
degrees of freedom. The full phase diagram at T = 0 is summarized in (d). (e) Specific heat and
(f) spin-spin correlation function at half filling for two values of U , placing the system either in
the band insulating or Mott insulating state respectively. The specific heat (e) at large inverse
temperatures 1/T turns from exponential (BI) to linear (MI) which is a hallmark of gapless spin
excitations in the MI state. The double maxima structure in c is a hallmark of the lower and upper
Hubbard band [38]. We find that at 1K the system starts to show clear MI behavior (specific heat
c turns linear) for U/t = 8. Panel (f) shows the spin-spin correlation function. In the BI phase we
find exponential suppression, while in the MI state the state shows long range algebraic correlations
CS ∼ x−1 at T = 1/8K. Panel (g) shows the charge-charge correlation function obtained for finite
doping µ/t = 3. The long-ranged power-law decay (dashed line) in the correlation functions falls of
as approximately CS ∼ x−1.9 which is indicative of a weakly correlated Luttinger liquid (Luttinger
parameter KC = 0.95) at this U/t = 4.
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Figure 3. Density of states in twisted GeSe at µ = 0. The bottom scale shows the different
phases found in dependency of U/t at half filling µ = 0. Arrows indicated the vales U/t used to
calculate the density of states shown in the upper panels (U/t = 0, 1 in (a), U/t = 4 in (b) and
U/t = 8, 16 in (c)), which are grouped corresponding to the phases (BI, BOW or MI in (a),(b) or (c),
respectively). in (a) a shaded region gives indicates the position of the non-interacting band edges,
which agrees well with our numerics, where the density of states is found via real-time propagation.
Consistent with Fig. 2, we find a non-monotonic gap size in the density of states as U/t is increases,
first decreasing and then increasing. Close to U = 0 the gap is determined by ∼ 0 while at large
U it scales ∼ U . The temperature in these calculations are T = 1.2K for (a) and (c) as well as
T = 2.4K for (b). (Here N0 normalizes the integral over the density of states to one).
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Figure 4. The two configurations of twisted bilayer GeSe in real space: (a) configuration A and
(b) configuration B. They are related by a 180◦ rotation of the top layer and share the same size
of supercell. The insets show the local atomic arrangements in the regions highlighted in red and
blue in the main figures.
METHODS
Details about DFT Treatment
We employed the Vienna Ab initio simulation package (VASP) to perform the ground
state DFT calculations [39]. The basis was chosen to be plane waves with an energy cut-
off of 450 eV and the pseudo potentials are generated using the projector augmented wave
method (PAW) [40], while the exchange-correlation potentials are treated in the local density
approximation (LDA) [41]. A 1x1x1 momentum grid is used for the ground state and re-
laxation calculations. The experimental lattice constants for bulk GeSe (a=4.38 Å, b=3.82
Å) are employed for the construction of the supercell of twisted bilayer GeSe. As peri-
odic boundary condition are applied, a vacuum region larger than 15 Å is added in the
z-direction perpendicular to the layers to avoid artificial interaction between the periodic
slabs. Throughout the relaxation, all the atoms are relaxed until the force on each atom
converges to values smaller than 0.01 eV/Å. To visualize the charge density distributions of
the low-energy states of twisted bilayer GeSe we employ the VESTA code [42]. There exist
two inequivalent configurations called A and B in the main text, which are illustrated and
characterized in Fig. 4.
Details about the Fitted Band Structure and 1D-2D Crossover
Fitting the 4 different bands separately for two values of the twist angle φ = 8.26◦ and
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φ = 8.26◦
t[eV] 0[eV] t/
0.0025355 -0.0015 -0.59159889
0.00256052 -0.0009 -0.35149062
0.00278831 -0.0015 -0.53795996
0.00285219 -0.0009 -0.31554716
φ = 6.61◦
t[eV] 0[eV] t/
0.00103671 -0.00132 -1.27326184
0.00100901 -0.001499 -1.36161199
0.00104629 -0.00132 -1.26159583
0.00102288 -0.001499 -1.46546377
Table II. Fitted values for the Ionic Hubbard model
φ = 6.61◦ yields the values reported in Table II
Clearly, φ = 6.61◦ is closer to the one-dimensional limit while φ = 8.26◦ shows residual
chain-chain coupling along the second dimension and thus the quality of the one-dimensional
fit deteriorates. This is further illustrated in Fig. 4 where we show the ab initio characteriza-
tion of the dispersion for the angle φ = 8.26◦. In contrast to the data obtained for φ = 6.61◦,
the bands show appreciable residual dispersion along the X − S direction, signaling the
crossover from 1D to 2D as the angle is increased. Therefore the effective dimensionality of
the system can be tuned by the twist angle and twisted GeSe provides a tunable platform
to study the 2D to 1D crossover.
Treating Correlations
We treat correlations in a numerically exact tensor network based approach formulated
in matrix product states [11]. We exploit the two-site translation invariance of the infinite
system and set up the tensor network algorithm directly for the infinite dimensional limit.
To treat finite temperature we use the purification scheme described in part 7 of Ref. [11] and
rewrite the unity operator, corresponding to an infinite temperature density matrix ρ ∼ 1
in terms of a wavefunction in combined physical and auxiliary Hilbert space. Subsequently
we “cool” the density matrix to temperature T = 1/β, where ρ ∼ e−βH , by applying an
imaginary time evolution algorithm. We converge the bond dimension such that numerically
exact results are obtained and perform a fourth order Trotter-Suzuki decomposition with
small enough steps in imaginary time ∆β = 0.01, such that the decomposition does not
yield an appreciable approximation. In the supplement the convergence of all numerical
parameters is benchmarked explicitly in the non-interacting limit.
Calculating the density of states
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Figure 5. Real time simulation of G(t) of the data shown in Fig. 5. In the case of U = 4 (shown
in (b)) we extend the reached time scales by using linear prediction. Symbols are calculated data
points, the line is the data obtained using linear prediction.
To calculate the density of states we use a simulation in real time (and at finite temper-
ature) to obtain the G(t) =
〈
ci,↑c
†
i,↑(t)
〉
. For this we use the ideas put forward in Ref. [43].
This is essential to reach long enough times, such that a meaningful Fourier transform can
be taken with a Hanning type window function, compare Fig. 5 (a). The maximum time
reached by the simulation thus limits the frequency resolution and introduces natural broad-
ening in the Fourier transform. This procedure is employed for the Data shown in Fig. 3 (a)
and (c) where the U/t is either large or small both cases in which the entanglement growth
is quite moderate. For the data shown Fig. 3 (b) which is U/t = 4 the entanglement growth
is much more severe and even after employing the ideas of Ref. [43], the time scales are
limited. To this end we utilize a linear prediction algorithm to extend the time scales, see
Fig. 5 (b).
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2FIG. 1. Band structure of twisted bilayer GeSe at 8.26◦ in configuration B. The right panel highlights the flat bands at the
conduction band edge showing relatively large residual coupling between the one-dimensional chains and thus a crossover to 2D
physics. This manifest in a relatively large splitting between the bands and non-negligible dispersion along the X-S direction.
CHARACTERIZATION OF PHASES
In the main text we use small seed fields to efficiently characterize susceptibilities towards the different ordering ten-
dencies of the Ionic Hubbard model. Here we present the details of the calculation for completeness. We define the
susceptibility
χX = O/s (1)
as the ratio between an appropriately chosen observable (measuring the symmetry breaking accompanied by the phase)
and the strength s of a symmetry breaking seed field ∆HX added to the Hamiltonian. For the magnetization and charge
susceptibilities X = M and X = C we chose O as the magnetization M =
∑
i,σ(−1)σni,σ/N or charge C =
∑
i,σ ni,σ/N .
The seeds added to the Hamiltonian are ∆HM = s
∑
i,σ(−1)σni,σ and ∆HC = s
∑
i,σ ni,σ. For the susceptibility to
BOW ordering X = BOW we chose O as the dimerization in the hopping B =
∑
i,σ(−1)ic†i,σci+1,σ/N and the seed as
∆HBOW = s
∑
i,σ(−1)ic†i,σci+1,σ.
BENCHMARKING THE DMRG WITH EXACT SOLUTIONS
In figure 2 we benchmark our thermodynamic limit finite temperature DMRG results against exact results obtained in
the non-interacting limit U = 0 of equation (1) in the main text. We calculate the specific heat (as in the main text),
the average occupancy n¯ = limN→∞
∑
i ni/N as well as the difference in occupancy between even and odd lattice sites
∆n = limN→∞
∑
i(−1)ini/N . We show that we can converge the numerical parameters to obtain results which are
numerically exact.
310 2 10 1 100
1/T [1/K]
10 2
10 1
100
c
0/t = 0. 0, /t =0. 0
0/t = 1. 3, /t =0. 0
0/t = 1. 3, /t = 1. 9
0.0 0.4 0.8 1.2 1.6
1/T [1/K]
0.7
0.5
0.3
0.1
0.1
n
ED
DMRG
0.0 0.4 0.8 1.2 1.6
1/T [1/K]
0.8
0.6
0.4
0.2
0.0
n
ED
DMRG
FIG. 2. Benchmarking the DMRG against exact solution (ED) at U = 0 (a) specific heat (b) average occupancy (c) difference in
occupancy between even and odd lattice sites. We show that numerical convergence to the obtain results which are numerically
exact can be achieved.
